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Abstract 

We present classification of Q-conditional symmetries for the two-dimensional nonlinear 
wave equations uu — u xx — Fit, x, u) and the reductions corresponding to these nonlinear 
symmetries. Classification of inequivalent reductions is discussed. 



1 Introduction 



Following |TJ , we discuss conditional symmetries and reductions of the two- 
dimensional nonlinear wave equation 

u t t ~ u xx = F(t,x,u) (1) 

for the real- valued function u = u(t,x); t is the time variable, x is the 
space variable. In the equation above and further we will use the following 
designations for the partial derivatives: 



du du d 2 u d 2 u d 2 



u 



U t = -TT7; U x = 7^ ; U tt = TTTT; U xt = U tx = T777\ ! U a 



ut ox ot z otox OX 

Note that the general equation in the class (0Q) has no invariance op- 
erators; however, many well-known particular cases have wide symmetry 
algebras, see e.g. [2]. 

The maximal invariance algebra of the equation (CO) with general F = 
F(u) is the Poincare algebra AP(1, 1) with the basis operators 

d d 

Pt = 777; Px = 77-, J = tp x + Xp t . 
Ot OX 
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The invariance algebras of the equation (0Q) will also include dilation 
operators e.g. for F = \u k or F = Aexpw. Equations (ED) with e.g. F = 
and F = A exp u have infinite-dimensional symmetry algebras. 

Similarity solutions for the equation (0Q) can be found by symmetry re- 
duction with respect to non-equivalent subalgebras of its invariance alge- 
bras. For studies of symmetry and non-classical solutions of the nonlinear 
wave equation for various space dimensions see [2]-|E]- 

Here we present results on classification of Q-conditional symmetries for 
the equation (ED) and the relevant reductions in the meaningful cases. 

It seems that investigation of conditional symmetry now has fallen out of 
the mainstream of the symmetry analysis of PDE. We would guess that the 
reason is that practically all interesting equations for which the problem is 
manageable (mostly for the evolution equations) have been studied already. 
However, we believe that this problem remains relevant - first, with respect 
to investigation of "difficult, but interesting" equations (e.g. equations with 
highest derivatives for all variables of the same order, such as the nonlinear 
wave equation under study), and with respect to investigation of various 
related aspects (e.g. geometrical aspects and equivalence). 

2 What we mean by conditional symmetry 

Conditional symmetry in general (additional invariance under arbitrary ad- 
ditional condition) and a narrower concept of the Q-conditional invariance 
(the additional condition has the form Qu = 0) were initially discussed in 
the papers [TD]-|[I1]. Later numerous authors developed these ideas into 
theory and a number of algorithms for studying symmetry properties of 
equations of mathematical physics. The importance of investigation of the 
Q-conditional symmetry stems from equivalence of the Q-conditional in- 
variance and reducibility of the equations by means of ansatzes determined 
by such operators Q (see |T5]). 

Here we will use the following definition of the Q-conditional symmetry: 
Definition 1. The equation &(x, u, u, . . . , u) =0, where u is the set of all 

1 / k 

kth-order partial derivatives of the function u = (u 1 , u 2 , . . . , u m ), is called 
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Q- conditionally invariant JB$ under the operator 

Q = ?(x, u)d Xi + rf(x, u)d u r 
if there is an additional condition 

Qu = 0, (2) 

such that the system of two equations $ = 0, Qu = O is invariant under 
the operator Q. All differential consequences of the condition Qu = shall 
be taken into account up to the order I — 1. 

This definition of the conditional invariance of some equation implies in 
reality a Lie symmetry (see e.g. the classical texts [HH [T71 CLE]) of the same 
equation with a certain additional condition. Conditional symmetries of 
the multidimensional nonlinear wave equations are specifically discussed in 



3 Previous work on the problem 

The particular problem we discuss here was first mentioned by P.Clarkson 
and E. Mansfield in [2T] (the case / = f(u)), where the relevant determin- 



ing equations were written out but not solved, and studies were continued 
by M. Euler and N. Euler in [22]. In the latter paper the determining con- 
ditions for the Q-conditional invariance were taken without consideration 
of the differential consequences of the condition Qu = 0, so the resulting 
operators did not actually present the solution of the problem. 

Following |2T] . we will consider the equation (in conic variables) equiv- 
alent to (CD) of the form 

Uyz = f{y,z,u). (3) 

We search for the operators of Q-conditional invariance in the form 

Q = a{y, z, u)d y + b(y, z, u)d z + c(y, z, u)d u . (4) 
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4 Background of Classification of Conditional Symmetries 

We will base our classification on the procedure of solution of the determin- 
ing equations for conditional symmetry and then study equivalence within 
the resulting classes. 

Anyway the equivalence group of the system of the equation (03) and the 
additional condition 

a(y, z, u)u y + b(y, z, u)u z + c(y, z, u) = (5) 



determined by the operator (HI) is quite narrow, and the standard classifi- 
cation procedure may not be appropriate. 

Let us note that the concept of equivalence of Q-conditional symmetries 
was introduced by R. Popovych in [23]. 

We study the conditional symmetry for the general case / = f(y, z, u). 
We will not consider the case / = 0, as equation (03) in this case has a 
general solution, so its conditional symmetries may be not quite relevant. 
There are some interesting special partial cases of the equation ((31), first 
of all when / = f(u) and / = r(y, z)u that will be considered in a future 
paper. 

Considering the system ((21), (ED, we can see three inequivalent cases to 
be studied separately: 
1. a = 0, b ^ 0. 
Then we can take 



The case a ^ 0, b = is equivalent to a = 0, b ^ 0. 
In such cases the additional condition reduces equation ([3]) to a pair of 
the first-order equations. 




Q = d z + L(y, z, u)d, 



u 



(6) 



2. a t^O, b^O. 



In this case we can take 



Q = d y + K(y, z, u)d z + L(y, z, u)d % 
where K(y, z, u) ^ 0. 



(7) 



4 



This case is obviously the most interesting for consideration. It might 
seem appropriate to consider separately the case c = 0, but it is easy to 
check that such systems may be equivalent to the general systems within 
case 2, so it should not be considered separately. 

3. a = 0, b = 

This case is trivial and in the case if the original equation and the ad- 
ditional condition are compatible, the additional condition just gives a 
solution for the equation. 

For cases 1-2 the additional condition Qu = will be represented re- 
spectively by the equations 

u z = L(y,z,u), (8) 

and 

u y + K(y,z,u)u z = L(y,z,u). (9) 

We can start with considering of determining equations for the case 2 
with K 7^ 0, having in mind both cases. The determining equations for 
the conditional symmetry have the form 

-K\ + K UU K = 0, (10) 



-KL UU + + I ^L + Ku (L u - K z ) - K uy - LK UU + KK ZU = 0, (11) 



T T V _i T T L ^Ky K y K z 



K 



K 



K 



3KJ 



K U L 
K 



L u - K z ) + K U L Z - K ZU L = 0, 



(12) 



-f y -Kf z -Lf u +L yz + L uz L+L u f-^(L z -f)-K z f-^(L z -f) = 

(13) 

Let us note that these determining equations were first found in j j2~T] , 
though, not studied further. 
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5 Conditional Symmetry: Main Results 

Case 1 - K = . Here we have equations 

Uy = L,U yz = f. (14) 

The determining equations have the form 
L U y + L UU L = 0, 

~fy ~ Lf u + L yz + L UZ L + L u f = 
This case is actually equivalent to a pair of first-order equations 

u y = L,u z = ^ Lz . (15) 

If we check directly the compatibility conditions they will coincide with 
the determining equations of conditional invariance. 

Case 2.1. K u = 0, K 0. The determining equations have the form 

—KL UU = 0, 



j - - - j ■ -^u-^-y -^y-^z r 

L U y ~ L UZ K + L UU L H — K yz = 0, 



-f y ~ Kf z - Lf u + L yz + L UZ L + L u f - ^(L z -f)-KJ = 

We have K = k(y,z), L = s(y,z)u + d(y,z). Using equivalence trans- 
formations, we can put d(y, z) = 0. 

From the determining equations we get 

%,*) = ^> (16) 

J- z 

•(»,*) = (17) 



where T = T(y, z) is an arbitrary function. 

The operator of Q-conditional symmetry then will be 

T T z 
Q = d y + ^-d z + jrud u . 

In this case the ansatz reducing equation (Ej) will have the form 
u = (r(y,z)<f>(u), (18) 
where uj = uj(y, z) is a new variable, 

TyU z + T z Uy = 0, 
TyCT z -\~ T z (7y OTy z . 

The reduced equation will have the form: 

Oyz4> + $(u y o z + uj z a y + auj yz ) + (j)"aujyU z = f, (19) 

where / satisfies the relevant conditions ( fI5T) . 

From these conditions we can find the form of the function / up to 
equivalence: 

/ = ^<£(0 + ^«. (20) 
a° go 

where T(y, z) is the same arbitrary function entering expressions (TTBI). (TT7f). 

At the first glance equation (J3j) may seem equivalent to some equation 
of the form / = T y T z &(uj, u) reducible with the ansatz u = (f){uS). However, 
generally that is not the case. The criterion for such reduction has the 
following form: 

<jy = kcr Zl 

where k is determined by (fT6f). 

Let us have a further look at the reduced equation (JUS). From conditions 
on u and a it is easy to check that 

0Jy(J z + UJ z (Jy + CFUJyz = 0, 



so the reduced equation will have the form 

T T 
o 



aUyUJ z = y 3 z ^>(cj, 
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Note that the reduced equations for this case will not include first-order 
derivatives. 

As from conditions on u and a 

0J Z UJy 

we come to the final form of the reduced equation 



0" = -$(w,0). (21) 

Equations of the form (1210 include many remarkable ODE, equations for 
many special functions among them. 

Case 2.2. K u ^ 0, then K UU K = K*, K = k(y, z)exp(l(y, z)u). We can 
put k = 1 and prove from the resulting determining conditions l y = l z = 0, 
so we can put 1 = 1. 

Then we can found that L = s(y, z)expu+d(y : z). It is possible to reduce 
this case to k = 1, and we get the following determining equation for / 
with arbitrary s and d: 



f = l(s y + d z ), (22) 

so / in this case depends only on y and z, and the equation u yz = f(y, z) 
is equivalent to the equation u yz = 0. 

The conditions for s and d have the form 

2s yz — sd z + 2s y s — d zz = 0, — s yy + 2d yz + s y d — 2d z d = 0. (23) 



6 Conclusions 



We have considered the equations 

Uyz = f{y,z,u) 

with / depending on y, z, u. 

For such general class the only nontrivial case is Case 2.1, K u = 0, 
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We have found that in this case the reduced equation has the form 
<p" = — $(cj, 0), including many remarkable equations. 

We have found a general form of the equation (02) that can be reduced 
to an ODE by means of an ansatz ( Il8l) determined by the conditional 
symmetry operator (jTj) - / has to be of the form (12D1). However, for a 
general equation it may be not straightforward to determine whether / 
can be reduced to such form. 

The cases / = f(u), f = r(y, z)u require special consideration, and have 
more inequivalent cases. 

Further research may also include study of the general conditional sym- 
metry of the nonlinear wave equation in higher dimensions, as well as 
description of equivalence classes of conditional symmetries. 
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1 Introduction 



Following |TJ , we discuss conditional symmetries and reductions of the two- 
dimensional nonlinear wave equation 

u t t ~ u xx = F(t,x,u) (1) 

for the real- valued function u = u(t,x); t is the time variable, x is the 
space variable. In the equation above and further we will use the following 
designations for the partial derivatives: 



du du d 2 u d 2 u d 2 



u 



U t = -TT7; U x = 7^ ; U tt = TTTT; U xt = U tx = T777\ ! U a 



ut ox ot z otox OX 

Note that the general equation in the class (0Q) has no invariance op- 
erators; however, many well-known particular cases have wide symmetry 
algebras, see e.g. [2]. 

The maximal invariance algebra of the equation (CO) with general F = 
F(u) is the Poincare algebra AP(1, 1) with the basis operators 

d d 

Pt = 777; Px = 77-, J = tp x + Xp t . 
Ot OX 
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The invariance algebras of the equation (0Q) will also include dilation 
operators e.g. for F = \u k or F = Aexpw. Equations (ED) with e.g. F = 
and F = A exp u have infinite-dimensional symmetry algebras. 

Similarity solutions for the equation (0Q) can be found by symmetry re- 
duction with respect to non-equivalent subalgebras of its invariance alge- 
bras. For studies of symmetry and non-classical solutions of the nonlinear 
wave equation for various space dimensions see [2]-|E]- 

Here we present results on classification of Q-conditional symmetries for 
the equation (ED) and the relevant reductions in the meaningful cases. 

It seems that investigation of conditional symmetry now has fallen out of 
the mainstream of the symmetry analysis of PDE. We would guess that the 
reason is that practically all interesting equations for which the problem is 
manageable (mostly for the evolution equations) have been studied already. 
However, we believe that this problem remains relevant - first, with respect 
to investigation of "difficult, but interesting" equations (e.g. equations with 
highest derivatives for all variables of the same order, such as the nonlinear 
wave equation under study), and with respect to investigation of various 
related aspects (e.g. geometrical aspects and equivalence). 

2 What we mean by conditional symmetry 

Conditional symmetry in general (additional invariance under arbitrary ad- 
ditional condition) and a narrower concept of the Q-conditional invariance 
(the additional condition has the form Qu = 0) were initially discussed in 
the papers [TD]-|[I1]. Later numerous authors developed these ideas into 
theory and a number of algorithms for studying symmetry properties of 
equations of mathematical physics. The importance of investigation of the 
Q-conditional symmetry stems from equivalence of the Q-conditional in- 
variance and reducibility of the equations by means of ansatzes determined 
by such operators Q (see |T5]). 

Here we will use the following definition of the Q-conditional symmetry: 
Definition 1. The equation &(x, u, u, . . . , u) =0, where u is the set of all 

1 / k 

kth-order partial derivatives of the function u = (u 1 , u 2 , . . . , u m ), is called 
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Q- conditionally invariant JB$ under the operator 

Q = ?(x, u)d Xi + rf(x, u)d u r 
if there is an additional condition 

Qu = 0, (2) 

such that the system of two equations $ = 0, Qu = O is invariant under 
the operator Q. All differential consequences of the condition Qu = shall 
be taken into account up to the order I — 1. 

This definition of the conditional invariance of some equation implies in 
reality a Lie symmetry (see e.g. the classical texts [HH [T71 CLE]) of the same 
equation with a certain additional condition. Conditional symmetries of 
the multidimensional nonlinear wave equations are specifically discussed in 



3 Previous work on the problem 

The particular problem we discuss here was first mentioned by P.Clarkson 
and E. Mansfield in [2T] (the case / = f(u)), where the relevant determin- 



ing equations were written out but not solved, and studies were continued 
by M. Euler and N. Euler in [22]. In the latter paper the determining con- 
ditions for the Q-conditional invariance were taken without consideration 
of the differential consequences of the condition Qu = 0, so the resulting 
operators did not actually present the solution of the problem. 

Following |2T] . we will consider the equation (in conic variables) equiv- 
alent to (CD) of the form 

Uyz = f{y,z,u). (3) 

We search for the operators of Q-conditional invariance in the form 

Q = a{y, z, u)d y + b(y, z, u)d z + c(y, z, u)d u . (4) 
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4 Background of Classification of Conditional Symmetries 

We will base our classification on the procedure of solution of the determin- 
ing equations for conditional symmetry and then study equivalence within 
the resulting classes. 

Anyway the equivalence group of the system of the equation (03) and the 
additional condition 

a(y, z, u)u y + b(y, z, u)u z + c(y, z, u) = (5) 



determined by the operator (HI) is quite narrow, and the standard classifi- 
cation procedure may not be appropriate. 

Let us note that the concept of equivalence of Q-conditional symmetries 
was introduced by R. Popovych in [23]. 

We study the conditional symmetry for the general case / = f(y, z, u). 
We will not consider the case / = 0, as equation (03) in this case has a 
general solution, so its conditional symmetries may be not quite relevant. 
There are some interesting special partial cases of the equation ((31), first 
of all when / = f(u) and / = r(y, z)u that will be considered in a future 
paper. 

Considering the system ((21), (ED, we can see three inequivalent cases to 
be studied separately: 
1. a = 0, b ^ 0. 
Then we can take 



The case a ^ 0, b = is equivalent to a = 0, b ^ 0. 
In such cases the additional condition reduces equation ([3]) to a pair of 
the first-order equations. 




Q = d z + L(y, z, u)d, 



u 



(6) 



2. a t^O, b^O. 



In this case we can take 



Q = d y + K(y, z, u)d z + L(y, z, u)d % 
where K(y, z, u) ^ 0. 



(7) 
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This case is obviously the most interesting for consideration. It might 
seem appropriate to consider separately the case c = 0, but it is easy to 
check that such systems may be equivalent to the general systems within 
case 2, so it should not be considered separately. 

3. a = 0, b = 

This case is trivial and in the case if the original equation and the ad- 
ditional condition are compatible, the additional condition just gives a 
solution for the equation. 

For cases 1-2 the additional condition Qu = will be represented re- 
spectively by the equations 

u z = L(y,z,u), (8) 

and 

u y + K(y,z,u)u z = L(y,z,u). (9) 

We can start with considering of determining equations for the case 2 
with K 7^ 0, having in mind both cases. The determining equations for 
the conditional symmetry have the form 

-K\ + K UU K = 0, (10) 



-KL UU + + I ^L + Ku (L u - K z ) - K uy - LK UU + KK ZU = 0, (11) 



T T V _i T T L ^Ky K y K z 



K 



K 



K 



3KJ 



K U L 
K 



L u - K z ) + K U L Z - K ZU L = 0, 



(12) 



-f y -Kf z -Lf u +L yz + L uz L+L u f-^(L z -f)-K z f-^(L z -f) = 

(13) 

Let us note that these determining equations were first found in j j2~T] , 
though, not studied further. 
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5 Conditional Symmetry: Main Results 

Case 1 - K = . Here we have equations 

Uy = L, Uy z = f. (14) 

The determining equation has the form 

f - L z 

~fy~ Lf u + L yz + L UZ L + L u f + (L uy + L UU L) — = 

This case is actually equivalent to a pair of first-order equations 

u y = L,u z = ^ Lz . (15) 

If we check directly the compatibility conditions they will coincide with 
the determining equation of conditional invariance. 

Case 2.1. K u = 0, K 0. The determining equations have the form 

—KL UU = 0, 



L U y ~ L UZ K + L UU L — 1 — K yz = 0, 



-fy ~ Kf z - Lf u + L yz + L UZ L + L u f - ^(L z -f)-KJ = 

We have K = k(y,z), L = s(y,z)u + d(y,z). Using equivalence trans- 
formations, we can put d(y, z) = 0. 

From the determining equations we get 

Hy,z) = ^, (16) 

J- z 

«(».*) = 3?. (17) 
where T = T(y, z) is an arbitrary function. 



The operator of Q-conditional symmetry then will be 

T T z 
Q = d y + -f d z + -jrud u . 

In this case the ansatz reducing equation (Ej) will have the form 
u = a(y,z)(f)(uj), (18) 
where u = cu(y, z) is a new variable, 

TyU z + T z Uy = 0, 
TyCT Z ~\~ T Z (Jy dTy Z . 

The reduced equation will have the form: 

a yz (j) + (f)'(u y a z + uj z o y + au yz ) + <f>"aUyU z = f, (19) 

where / satisfies the relevant conditions ( TT3j) . 

From these conditions we can find the form of the function / up to 
equivalence: 

a 6 a a 

where T(y, z) is the same arbitrary function entering expressions (JTB1). ( TTTf) . 

At the first glance equation (Ej) may seem equivalent to some equation 
of the form / = T y T z &(uj, u) reducible with the ansatz u = 4>(uj). However, 
generally that is not the case. The criterion for such reduction has the 
following form: 

dy = k(j z , 

where k is determined by (Il6j). 

Let us have a further look at the reduced equation ( jlffi) . From conditions 
on u and cr it is easy to check that 

u y a z + LU z a y + CTCJ^ = 0, 

so the reduced equation will have the form 



/ = ^±$(cO + ^, (20) 



T T z 
a 6 



Note that the reduced equations for this case will not include first-order 
derivatives. 

As from conditions on u and a 

0J Z UJy 

we come to the final form of the reduced equation 



0" = -$(w,0). (21) 

Equations of the form (1210 include many remarkable ODE, equations for 
many special functions among them. 

Case 2.2. K u ^ 0, then K UU K = K*, K = k(y, z)exp(l(y, z)u). We can 
put k = 1 and prove from the resulting determining conditions l y = l z = 0, 
so we can put 1 = 1. 

Then we can found that L = s(y, z)expu+d(y : z). It is possible to reduce 
this case to k = 1, and we get the following determining equation for / 
with arbitrary s and d: 



f = l(s y + d z ), (22) 

so / in this case depends only on y and z, and the equation u yz = f(y, z) 
is equivalent to the equation u yz = 0. 

The conditions for s and d have the form 

2s yz — sd z + 2s y s — d zz = 0, — s yy + 2d yz + s y d — 2d z d = 0. (23) 



6 Conclusions 



We have considered the equations 

Uyz = f{y,z,u) 

with / depending on y, z, u. 

For such general class the only nontrivial case is Case 2.1, K u = 0, 
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We have found that in this case the reduced equation has the form 
<p" = — $(cj, 0), including many remarkable equations. 

We have found a general form of the equation (02) that can be reduced 
to an ODE by means of an ansatz ( Il8l) determined by the conditional 
symmetry operator (jTj) - / has to be of the form (12D1). However, for a 
general equation it may be not straightforward to determine whether / 
can be reduced to such form. 

The cases / = f(u), f = r(y, z)u require special consideration, and have 
more inequivalent cases. 

Further research may also include study of the general conditional sym- 
metry of the nonlinear wave equation in higher dimensions, as well as 
description of equivalence classes of conditional symmetries. 
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